We propose a systematic and explicit method for the inverse engineering of the dynamics of an open quantum systems with no auxiliary Hamiltonian nor the prerequisite of adiabatic passage. In particular, we exploit the Lindblad dissipators in order to create a resource state or subspace of interest in the presence of decoherence. In a conceptual shift, the Lindblad dissipators, including multiple interactions that are central to determine the steady state in the long-time limit for an open quantum system, can be guided to produce a useful practical resource to achieve an arbitrary target state or subspace. More importantly, with the help of gate and circuit-based quantum control, we provide an explicit, programmable, and polynomially efficient control sequence to create a cluster state or graph state useful for one-way quantum computing.
A prominent question in both fundamental and applied quantum information science is whether a quantum state can survive for long enough time scales in the presence of a deleterious environment to enable the implementation of a protocol or algorithm. The need to tailor and control the dynamics of open quantum systems has led to the discovery of a host of techniques to palliate and avoid the effects of decoherence [1, 2] , such as dynamical decoupling [3, 4] , quantum error correction [5, 6] , decoherence-free subspaces (DFS) [7, 8] , noiseless subsystems [9] and holonomic quantum computation [10] . More recently, it has been appreciated that quantum dissipative processes might be able to be controlled and guided to produce resources for quantum information processing tasks [11] [12] [13] [14] [15] . Therefore, knowledge of the energy structure and the dissipation manner of the system can be exploited to allow the creation of an on-demand subspace or state [16] . It therefore enables the inverse engineering [17, 18] in the regime of open-system quantum dynamics by control over system variables, avoiding the requirement of an auxiliary Hamiltonian [19] [20] [21] and/or the adiabatic condition [22, 23] .
Most of the existing experiments on quantum control are designed to implement sequences of highly structured interactions between selected qubits, thereby following the quantum circuit model of a universal quantum computer [24] [25] [26] [27] . By contrast, in a one-way quantum computer [28] , all entanglement resources for the quantum computation are provided initially in the form of special entangled states with a large number of qubits (so-called cluster states, and more generally, graph states) [29] [30] [31] . The required teleportation of logical qubits and implementation of quantum gates can be simulated by one-qubit gates and one-qubit measurements on the cluster state in a polynomially efficient way. Another notable example is the zero-eigenvalue eigenstate (dark state) undergoing a one-qubit holonomic phase gate.
Usually an entangled pure state of qubits will acquire a Berry's phase after the parameters of the Hamiltonian are tuned so that the state evolves along an adiabatic loop. Hence, it is desirable to have a robust protocol to create cluster or graph states for quantum information processing when investigating inverse engineering of an open quantum system. Physically, atomic and molecular systems can experience a collective decay into a common environment, such as atom-like emitters and the nanophotonic waveguides [32, 33] .
Such systems, as we consider here, undergo collective motion from being acted upon by an environment that acts similarly on each individual qubit. One of the well-known properties of an environment that acts collectively is that the system can be completely decoupled from the environment when the system is in a DFS. Extra manipulation is sometimes needed to suppress the leakage of the system out of the DFS if the symmetry is not exact. In this case an optimal encoding scheme can be used for an approximate symmetry [34, 35] .
In this work we investigate the possibility of using Lindblad dissipators [36, 37] to create cluster/graph states on demand in a robust, deterministic and polynomially efficient way.
The dissipative processes involving multiple interactions could exist in a state-of-the-art linear ion-trap quantum computing architecture. In particular, it has been shown that quantum information can be encoded in the set of steady states by the effective dissipators in master equation [1, 36, 37] . These states are automatically free of decoherence since they are immune to the dissipators and our method does not rely on the symmetric coupling condition for conventional DFS. More significantly, working with dissipators opens an exotic branch of inverse engineering control in open quantum system which is robust against the influence of the quantum noise on the resource state itself due to the system-environment interaction. The stronger the coupling strength of the designed dissipators, the quicker the target state or subspace of the system is achieved.
Results
Creating an open quantum system state. In the field of open quantum system dynamics, the most general Markovian master equation can be written in a Lindblad form.
Maintaining the translational invariance and positivity, the Lindblad master equation is an important and reliable tool for the treatment of irreversible and non-unitary processes of open-system states, covering the dissipation and pure-decoherence processes in the quantum measurement process. Even beyond the Markovian regime, it is practically used to find the steady state or subspace in the long-time limit for systems under stationary non-Markovian noises. Consider a system coupled to a multi-mode bosonic bath or field via the system operator L. Suppose the environment is at zero temperature, in the rotating frame we can arrive at a general master equation of the Lindblad form (see the derivation in Method),
The Stark effect is ignored, which is not relevant to the non-unitary evolution of the system.
is the decay rate, where J(ω) is the spectral function of the bath.
The spectral function is obtained by the Fourier transformation of the two-point correlation
is the coupling strength between system and the j-th mode with eigenfrequency ω j . For a structured environment, γ could be timedependent, but would become asymptotically time-independent for times longer than the timescale of correlation function. Equation (1) shows that the dark states of the systemenvironment interaction, i.e., those that satisfy L|Φ = 0, will survive after the decoherence process determined by the dissipator L. On the other hand, the dissipator serves as a filter to remove those states that are not in the steady-state subspace.
Extended to a more general situation with multiple environmental interactions, the mi-
The right hand side of Lindblad equation (1) is thus generalized into a summation over dissipators with different L j 's. Consider an N-dimensional system ρ S = mn ρ mn |m n|, m|n = δ mn , which is under the irreversible dynamics determined by L j>k = |ϕ j j| with |ϕ j = k p=1 a jp |p (it is not necessarily a normalized vector, so a jp 's can be arbitrary). Evidently, we have
Therefore the requirement of the long-time limit Lρ S = N j=k+1 L j ρ S = 0 will give rise to the vanishing of both population and coherence terms outside of the chosen k × k subspace of interest. When k = 1, the system is eventually engineered to a target pure state, which is immune to the external disturbance and insensitive to the initial state. the system and environment, as allowed by the quantum speed limits [40, 41] .
Creating cluster state via dissipators. Cluster or graph states are special class of states that are useful in quantum error-correcting codes, entanglement measurement and purification, and for characterization of computational resources in measurement based quantum computing models. The one-dimensional graph state consisting of n qubits can be expressed as
with the convention Z n+1 ≡ 1. For the two-qubit case, this may be written, up to local unitary transformations, as
In quantum computing, a graph state can be represented by a qubit-network of m nodes.
Each node of this network (graph) is associated with a qubit prepared in the state of |+ and each edge between two qubits Q 1 and Q 2 is acted on by a controlled phase gate, i.e., |G n ≡ U|+ ⊗n , where
For the two-qubit case, |G 2 = |ϕ 2 up to a local unitary transformation. Similarly, one may obtain for n = 3, 4, |ϕ 3 = (|000 +|111 )/ √ 2 and |ϕ 4 = (|0000 +|0011 +|1100 −|1111 )/2, respectively. The cluster states persist after being acted on by local measurements and constituents remain maximally connected.
To prepare a two-qubit system in the state |ϕ 2 as in Eq. (4), we can employ three
Lindblad operators L j = |ϕ 2 φ j |, provided ϕ 2 |φ j = 0 and φ j |φ k = δ jk , with j, k = 1, 2, 3.
For example, a set of possible solutions for the operators are found to be
respectively, where the subscripts of X, Y, Z imply the indexes of qubits. At the same line, it is intuitively clear that for creating a general cluster state with n qubits, the operators
where W k ∈ {X, Y, Z, I}, I is the identity operator, and α is the index of the n-body interaction operators of order O(n).
To be polynomially efficient, this method can be dramatically improved by utilizing a special Lindblad operator L ′ = |φ 0 ( β>0 a β φ β |), where |φ β 's constitute a complete set of eigenstates for the n-qubit system and a β 's are non-vanishing constants. It is always possible to find a proper unitary transformation to get the cluster state |ϕ n from a pure state connected to |φ 0 . In another words, the protocol/algorithm based on Eq. (6) 
, which yields P β>0 = 0 for arbitrarily chosen coefficients a β so that the steady state is a pure state |φ 0 . One should keep in mind that any pure state satisfying L|Φ = 0 is a dark state of the dissipator of Eq. (1), and is therefore decoupled from the collective dissipation of the n-qubit system. However, the above specified L ′ is not the unique solution of this type. Now returning to the previous frame, the Lindblad dissipator L = U † L ′ U can be used to drive the system into a pure state U † |φ 0 since the unitary transformation does not influence the purity of the steady state. Thus the conditions to realize Eq. (6) are relaxed to
without requiring an exponentially-increasing numbers of operations.
Physically, our protocol is available for a bosonic zero-temperature environment. One can use the above composite Lindblad dissipator to prepare the system in a pure state (not necessarily the ground state and could be the graph state |ϕ n ) according to |ϕ n = U † |φ 0 .
For the two-qubit cluster state in Eq. (4), the corresponding Lindblad operator is L = Creating many-body interactions. The Lindblad master equation (1) is obtained from the partial trace over the total unitary transformation Uρ S ρ B U † . The full time-
can be implemented using the Trotter for-
clear that the dissipator-creation control protocol must be based on the system operators in α W (α) B † that connect the system to the bath. The constituent W B † (here for simplicity, the subscript of W is omitted and W is assumed to be unitary) involves a many-body interaction [42, 43] which is not naturally occurring. However, it can be constructed from the available interactions by a control protocol as follows. Let us start from the Hamiltonian describing the interaction of the first qubit and the environment W 1 B † , which is always attainable. Then, supposing that the interaction between neighboring qubits p, q contains a controllable term W p W q , such as X p X q (in reality such control can be obtained as discussed below). For any set of operators satisfying SU(2) commutation relations, such as X, Y, Z,
we have the following useful formula:
where the operators could also be permuted cyclically, e.g., Z → Y → X → Z. Using this property, we can efficiently establish the many-body interactions in an open system by alternately switching relevant interactions, e.g.,
which can, in turn, be used to recursively generate e iθX 1 X 2 X 3 B . The process provided by Eq. (8) is demonstrated by a circuit in Fig. 1 for the coupling term of 3-qubits to the environment simultaneously, in which the dashed frame distinguishes the circuit generating e iθX 1 X 2 B for 2-qubits coupled to the environment. A similar process can be used even for more long-range interactions of a many-qubit system coupled to a bosonic environment.
Notably as shown in Fig. 1 , we need merely up to 2-qubit gates.
The two-body and even many-body interaction terms (quantum gates) have already been simulated in the ion-trap systems. For example, the time-evolution operator U XX = exp(iθX p X q ) can be implemented by two Mølmer−Sørensen gates [44, 45] applied to the two system qubits (denoted as p and q) and an ancilla qubit (denoted as 0) initially prepared in |0
along with a single-qubit rotation on the ancilla qubit,
where
Using properties of the group SU(2), arbitrary two-body interactions can be simulated with the help of local unitary transformations by quantum gates [46] . In particular, we have presented an explicit control protocol to create cluster states, or graph states, suitable for one-way quantum computing on an n-qubit system. Using circuit diagrams with up to the two-qubit quantum gates, the relevant Lindblad operators as well as the full evolution operator can be decomposed into O(n) elements of many-body interactions between qubits and the bath. Our protocol can be realized in a polynomially efficient way and could also be implemented using available quantum gates in ion-trap systems. Possible extensions of this work include a protocol to generate subsystem codes and to optimize the operations to improve the inverse engineering efficiency of the desired states.
Method
The total Hamiltonian describing both system and multi-mode environment in the rotating frame can be generally written as
where L and B(t) = j g j a j e −iω j t are the Lindblad operator and the bath operator, respectively. a j is the annihilation operator for the j-th environmental mode with eigenfrequency ω j and g j is its coupling strength with the system. The corresponding Born-Markov master equation reads
which is based on a popular assumption of no initial correlations between the system and environment. Tracing over the environmental degrees (Tr B ) plays the role of an average measurement over the environment. A straightforward derivation from Eq. (10) yields
where F (t) = 
where γ = 2π ∞ 0 dωJ(ω) is the decay rate. Here J(ω) is the spectral function of the bath coupled to the system via the system operator L, which is obtained by the Fourier transformation of the two-point correlation function f (t, s) = j |g j | 2 e −iω j (t−s) .
The universality of Eq. (11) or Eq. (1) can alternatively be shown using the quantumstate-diffusion (QSD) equation [38, 39] which is a dynamical equation for the stochastic wavefunction of the system subject to the influence from the environment. Starting from Eq. (9) and assuming a zero-temperature environment, the QSD equation reads,
The stochastic process z * t ≡ −i j g * j z * j e iω j t is the result of the aforementioned partial trace over the environment, where z * j is a Gaussian random number indicating a random coherent
